Abstract. We identify the group of homomorphisms Hom GF (F, RU Q ) in the category of (fin)-global functors to the rationalization of the unitary representation ring functor and deduce that the higher Ext-groups Ext n GF (F, RU Q ), n ≥ 2 have to vanish. This leads to a rational splitting of the (fin)-global equivariant K-theory spectrum into a sum of Eilenberg-MacLane spectra. Interpreted in terms of cohomology theories, it means that the equivariant Chern character is compatible with restrictions along all group homomorphisms.
Introduction
Globally defined Mackey functors have emerged in the last two decades as a naturally occuring algebraic structure with applications in group cohomology and representation theory [Web93] , [Web00] , [Bou06] , [Bou07] , [Web10] . Global functors are a particular version (called inflation functors in [Web93] ) appearing in equivariant topology, where the 'global' perspective has also proven to be illuminating in the study of equivariant homotopy types [Sch17] , [HO15] , [Hau18] . They are defined more generally for compact Lie groups, but we will restrict attention to finite groups in the following. Roughly speaking, a (fin)-global functor M consists of abelian groups M (G) for every finite group G, which are related by certain transfer (or induction) maps along subgroup inclusions and restrictions along all group homomorphisms, cf. Definition 2.1. A global functor in particular encodes compatible Mackey functors for each group G, but the restrictions along surjective morphisms, the inflations, form an additional datum.
This paper is concerned with the computation of certain Ext-groups in the category of global functors with respect to finite groups, see Theorem 1.2 below. They were motivated by the following question in (global) equivariant stable homotopy theory:
Historically, topological K-theory [AH61] was one of the first generalized cohomology theories considered. The Chern character is a natural transformation (say on finite complexes)
which gives a rational isomorphism with the singular homology groups in even degrees. From the point of view of stable homotopy theory, this is a consequence of the rational splitting of the stable homotopy category SHC: Taking homotopy groups induces an equivalence SHC Q ≃ gr. Q -mod with the category of integer-graded rational vector spaces. So every spectrum with rational homotopy groups decomposes into a sum of Eilenberg-MacLane spectra (i.e. those with homotopy groups concentrated in a single degree); in particular, we have a decomposition
for the spectrum KU representing K-theory.
In the classical equivariant setting, the situation is similar. For a finite group G, there is a natural generalization of K-theory to an 'RO(G)-graded' theory K G ( [Seg68] , [May96, XIV] ), the most sophisticated version of cohomology theories on G-spaces usually considered. It is represented by a spectrum KU G in the genuine G-equivariant stable homotopy category, which also splits rationally (cf. [GM95, Appendix A]). In terms of cohomology theories this means that there is an equivariant Chern character, compatible with the natural structure maps of these theories, e.g. restriction and transfer maps relating the values at various subgroups of G.
But he story is not quite over yet: as the group G varies, the equivariant homotopy types KU G do not just form some collection. They are part of a global equivariant homotopy type KU, which can be thought of as encoding a spectrum valued global functor. In global equivariant homotopy theory one systematically studies these and the resulting analogue of the stable homotopy category is the global stable homotopy category GH. Rephrasing the above, there is a global K-theory spectrum KU ∈ GH that represents the equivariant cohomology theories K G [Sch18, 6.4]. The equivariant homotopy groups π
of a global stable homotopy type E are the coefficients of the associated G-equivariant cohomology theory and as G runs over all finite groups these naturally carry the structure of a global functor. In the case of K-theory we obtain the representation ring:
In contrast to the classical setting, rational global homotopy types in general do not decompose into global Eilenberg-MacLane spectra: The rational (fin)-global homotopy category is algebraic in the sense that there is an equivalence
with the derived category of global functors under which taking homotopy corresponds to taking homology [Sch18, Thm 4.5.29]. However, even rationally the homological dimension is infinite (see Remark 4.2) and so homology does not yield a faithful functor to the graded category. But it turns out that the appropriate Ext-groups vanish in the special case of K-theory (Theorem 1.6). This is based on the following calculation. For each integer n ≥ 1, let C n be a cyclic group of order n. If F is a global functor, then F (C n ) ∨ tr denotes the Q-linear forms on F (C n ) that vanish on the image of all transfers from proper subgroups. These can be organized into an inverse system, cf. Definition 4.3.
Theorem 1.2. There is a preferred natural isomorphism
identifying maps into RU Q as an inverse limit over the poset of natural numbers with respect to the divisibility relation. Moreover, it also induces isomorphisms
between higher derived functors.
Remark 1.3. The universal linear forms φ n : RU(C n )⊗Q → Q are determined by an explicit choice of compatible bases for the representation rings of cyclic p-groups (Proposition 3.4) and the multiplicative relation φ nm = φ n · φ m for coprime integers n and m (Lemma 3.3).
By cofinality we will deduce the following result:
vanish. Addtionally, the Ext-algebra of RU Q vanishes in all positive degrees:
Remark 1.5. The same is true for the real representation ring RO because it is a rational retract of RU.
We briefly return to the original question. As mentioned above, there is a rational equivalence GH Q ≃ D(GF Q ) between the global homotopy category and the derived category of global functors. The homotopy groups of KU are isomorphic to the representation ring global functor RU in even degrees and trivial in odd degrees. Since all Ext-groups between these vanish in cohomological degrees larger than two, the associated chain complex is quasiisomorphic to its homology. Additionally, the first Ext-groups are trivial and so there are no 'exotic' endomorphisms; that is, the selfmaps in the derived category biject with the graded morphisms between the homology groups. Translating back to the topological side: Theorem 1.6. The rational (fin)-global unitary K-theory spectrum canonically splits as a sum of global Eilenberg-MacLane spectra:
Organization. The rest of this paper is devoted to the proof of Theorem 1.2. In Section 2 we replace the category of rational global functors with the equivalent but less complicated category of Out op -modules. Cyclic groups play an important role and we give a more economical description of Out op -modules over these. Section 3 is concerned with the identification of the representation ring in a form more suited to computing maps into it. In the last section we reduce the computation to cyclic groups and put everything together to show Theorem 1.2 and Corollary 1.4.
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Global functors and Out op -modules
We start with a brief review of the definition of (fin)-global functors: They are indexed by the pre-additive (fin)-global Burnside category A. Its objects are finite groups and the abelian group of morphisms A(G, K) is the Grothendieck group on isomorphism classes of finite G-free (K, G)-bisets with disjoint union as addition. Composition is induced by the balanced product of finite bisets:
Definition 2.1. The abelian category of global functors, denoted by GF , is the category of additive functors from the Burnside category A to abelian groups.
More explicitly, a global functor F consists of abelian groups F (G) together with the following structure maps:
If α is surjective, we will also refer to this as an inflation map. These correspond to the distinguished morphisms tr
The definition in terms of bisets efficiently encodes the relations between these, which we do not spell out here.
Remark 2.2. In [Sch18] , a more 'tautological' definition (from the homotopy theoretic point of view) of the global Burnside category is given in the generality of compact Lie groups. Namely, the abelian group A(G, K) is defined to be the set of natural transformations Nat(π G 0 , π K 0 ) between the equivariant homotopy groups of global homotopy types. There is a natural comparison functor sending transfers and restrictions to their topological counterparts and it is a computational fact that these definitions agree on finite groups.
Example 2.3. The complex representation rings RU(G) of finite groups G form a global functor RU with structure maps
where C{−} is the C-linearization of sets. In particular, transfers are given by induction of representations and restrictions by restricting the group action. We write RU Q for the rationalized functor with values RU(G) ⊗ Q.
Definition 2.4. Let Out be the category of finite groups and conjugacy classes of surjective homomorphisms. We denote by Out op -mod the abelian category of contravariant functors from Out to abelian groups.
Rationally, the category of global functors can be greatly simplified. Dividing out transfers from proper subgroups defines a functor
to the category of Out op -modules. For a global functor F , the value of τ F at a finite group G is thus given by
and the inflations of F pass to the quotients since they commute with transfers. Definition 2.6. For every n ≥ 1 we fix a cyclic group of order n with a chosen generator τ n and define Out op cyc ⊂ Out be the full subcategory on these. For definiteness we take C n ⊂ C × to be the n-th roots of unity and τ n = e 2πi/n .
There are preferred projections
for all integers n, m ≥ 1 such that n divides m. Under the identification C k ∼ = Z/kZ they correspond to the unique surjections of rings, which also restrict to surjections on units.
commutes for all φ ∈ Out(C m ). Furthermore, we note that any two epimorphisms between the same cyclic groups differ by a unique automorphism in the target. This implies the following description of Out Similarly, a morphism f : X → Y of Out op cyc -modules consists of Out(C n )-equivariant maps f (C n ) : X(C n ) → Y (C n ) for n ≥ 1, which commute with the distinguished restrictions.
The Out
op -module associated with the global functor RU Q Our goal in this section is to describe τ (RU Q ) in a form suitable for the later calculation of Ext-groups. We start by reviewing its identification in terms of cyclotomic field extensions, which appeared in an earlier version of [Sch18] . By Artin's theorem (see e.g. [Ser77, II.9 Thm. 17]), every virtual representation is rationally induced from cyclic subgroups. Since transfers in RU Q are given by induction of representations, τ (RU Q ) vanishes at non-cyclic groups. Let X be the one-dimensional tautological representation of C n . Then the value at the cyclic group C n of order n is given by
Over the cyclic p-group C p k a calculation with characters shows that dividing out transfers corresponds to dividing out the ideal (1+X
) generated by the minimal polynomial of the primitive p k -th roots. Hence we can identify
as a cyclotomic field extension for all primes p and non-negative integers k. The group of automorphisms Out(C p k ) ∼ = (Z/p k Z) × acts as the Galois group and restriction along the projection C p k ։ C p k−1 is given by sending ζ p k−1 to ζ p p k . We recall that via the tensor product of representations the representation ring of a product of two groups is identified with the tensor product of the individual representation rings. For coprime integers n and m, the Chinese remainder theorem then implies that the canonical map of commutative rings induced by the two preferred restrictions
is an isomorphism. Since the proper transfers form an ideal, the objectwise ring structure in RU Q passes to the quotient and the restrictions of τ (RU Q ) become maps of commutative rings. A transfer in one of the tensor factors corresponds to a transfer from a subgroup of the form H × C m or C n × H for a proper subgroup H. The groups of this form contain all maximal subgroups of the product because n and m are coprime. Hence the induced multiplication map
is again an isomorphism.
Remark 3.1. The previous isomorphism allows us to identify
as a cyclotomic field extension for all non-negative integers n with Out(C n ) again acting as the Galois group. However, we will only need to know this for cyclic p-groups.
To proceed we need a more convenient description of τ (RU Q ). The Normal Basis Theorem in Galois theory states that as a representation of the Galois group, the extension field in a finite Galois extension is isomorphic to the regular representation over the subfield. In the case of cyclotomic field extensions these identifications can be made compatible with the Out 
are obtained from the surjections Out(C nk ) ։ Out(C n ) (2.8) by summation over the fibers, which is automatically Out(C nk )-equivariant. In additive notation, it sends a basis element j ∈ (Z/nZ) × ∼ = Out(C n ) to the sum over all basis elementsj such thatj ∈ (Z/nkZ) × reduces to j mod n.
Since an equivariant map out of the regular representation is uniquely determined by its value on the identity element, a morphism Q[Out(−)] → X of Out op cyc -modules is classified by elements x n ∈ X(C n ) (subject to the relations expressing naturality). In the following lemma Out op cyc -p denotes the full subcategory on cyclic p-groups. Lemma 3.3. Let R be a commutative Out Moreover, if we start out with isomorphisms φ p and the multiplication maps R(C m ) ⊗ R(C n ) → R(C nm ) are also isomorphisms for coprime integers, then φ is an isomorphism.
Proof. Given coprime integers n and m, suppose that we have already constructed partial morphisms for these, i.e. maps φ k : Q[Out(C k )] → R(C k ) for all k dividing either n or m that commute with restrictions and such that φ 1 = 1 is the inclusion of the unit element in R(C 1 ). The morphism φ nm is now defined as the composite
where the first map is induced by the canonical decomposition Z/nmZ ∼ = Z/nZ × Z/mZ. This definition does not depend on the order of n and m because of the commutativity of R. Furthermore the condition φ 1 = 1 ensures that in the case n = 1 or m = 1 we recover the original map. Replacing n and m by one of their divisors respectively in the above composite then defines φ for all divisors of nm. This is compatible with restrictions because the initially defined maps are and so we have defined a partial morphism for nm. Clearly, φ nm is an isomorphism under the additional hypothesis.
Finally, we remark that this construction is independent of the decomposition into a product of two coprime integers. Considering the prime factorization of an integer n, we see that φ n is just given by the analogous construction for several tensor factors applied to the initially defined maps for prime powers. 
which is classified by the elements
Proof. The isomorphism is first constructed over cyclic p-groups where one can write down a normal basis explicitly. We abbreviate X = ζ p k in the following. A direct computation shows that the element
is an isomorphism because both sides have the same rank. In the degenerate case k = 0 we take for φ 1 the canonical identification sending the identity to 1. We now check compatibility with restrictions. Under the summation of fibers map the unit element 1 ∈ Out(C p k ) maps to the sum over the elements 1 + lp k ∈ Out(C p k+1 ) for 0 ≤ l ≤ p − 1, where we have used additive notation. Letting these act as elements in the Galois group of Q(ζ p k+1 ) and writing Y = ζ p k+1 , we get the equality
k add up to the minimal polynomial and hence do not contribute. But this is just the restriction of
). So the scaling ensures that for varying k ≥ 0, the φ p k commute with the restriction maps. The sign is needed for the case k = 0.
By the previous lemma, these maps assemble to an isomorphism of Out op -modules.
Computation of Ext-groups
As we recalled in the previous section, τ (RU) is concentrated at cyclic groups. The following lemma shows that we thus may restrict to Out 
on Ext-groups for all n ≥ 0.
Proof. The right Kan extension ι * simply extends by 0 to non-cyclic groups. Since τ (RU Q ) is concentrated at cyclic groups, it is right-induced in the sense that the unit map τ (RU Q ) → ι * ι * (τ (RU Q )) is an isomorphism. Both restriction and right Kan extension are exact functors and so ι * preserves projective resolutions. The claim now follows by adjointness.
Remark 4.2. Even though we work rationally, the derived category D(Out op -mod Q ) does not split and all higher extensions can occur. For example, the Out op -module R e Q that consists of a copy of Q at the trivial group does not admit a finite projective resolution. It suffices to show this over cyclic groups since the restriction functor along the inclusion of the full subcategory Out cyc ⊂ Out preserves projective resolutions. Let F n = Q{Out(−, C n )}/ Out(C n ) be the 'semi-free' Out op cyc -module generated by Q at the cyclic group C n , characterized by the natural isomorphism
that corresponds to the universal element Id Cn . Then F n consists of a single copy of Q at every C m such that n divides m, with identities as structure maps, and vanishes otherwise. A projective resolution of R e Q is defined as follows:
The sum P n = ⊕ p1<···<pn F p1···pn is indexed by all n-element sets of primes and the differential d n : P n → P n−1 is determined by the formula
where e m p1<···<pn ∈ P n (C m ) denotes the generator of the summand indexed by p 1 , . . . , p n , which is given by the class of (any) surjection [C m ։ C p1···pn ] ∈ F p1···pn (C m ). For every integer m ≥ 1, we construct a chain contraction h of the complex P * (C m ) of Q -vector spaces: Let p 1 < · · · < p ω(m) be the prime factors of m. Given a sequence
we set e , and for k ∈ im(α) we let e m α,k = e m α be the element corresponding to the sequenceα = (· · · < α(j − 1) < k < α(j) < · · · ) obtained by adding k to it. The maps h n : P n (C m ) → P n+1 (C m ) are then defined by
and one checks that this indeed yields a chain contraction, showing that P * ։ R e Q is a resolution. We claim that the projections ξ n :
The 'universal' cocycle ξ n is non-trivial by a dimension count and cannot be a coboundary since there are no non-zero morphisms to the cokernel. The group Hom Out op cyc -mod Q (P n−1 , coker(d n+1 )) = 0 is trivial because P n (and hence the cokernel) vanishes at all groups at which P n−1 is generated as an Out op cyc -module. The identification τ (RU Q ) ∼ = Q[Out(−)] from the previous section allows us to describe maps into it as an inverse limit over the poset of natural numbers with partial order given by the divisibility relation: Definition 4.3. If X is an Out op cyc -module, we denote by X ∨ the inverse system obtained after forming Q-linear duals in each level and forgetting all group actions. The structure maps are defined by precomposition with the preferred restriction maps (2.7).
Proposition 4.4. There is a natural isomorphism
which sends φ : X → Q[Out(−)] to the collection of linear forms
Proof. For any finite group, giving an equivariant map into the regular representation is equivalent to specifying the linear form obtained by projecting to the summand of the neutral element. Hence a map φ : X → Q[Out(−)] is uniquely determined by the linear forms φ n ∈ X(C n ) ∨ . The condition that φ is a natural transformation translates into the condition that these linear forms restrict to each other because the summation over the fibers map commutes with the projection to the summand of the neutral element in Q[Out(−)]. This means that the collection {φ n } forms an element in the inverse limit.
The functor (−)
∨ is exact and turns sums into products. It sends enough projectives to injectives, e.g. those of the form F n V = V ⊗ Out(Cn) Q{Out(−, C n )} for an Out(C n )-representation V. Indeed, F n V is just the constant functor V at cyclic groups with order divisible by n and it vanishes elsewhere. Hence we can also identify the higher derived functors: Finally, we observe that (N, |) contains the sequential poset N as a cofinal subset via the factorials. Restriction to this subset is exact and the left Kan extension takes an inverse system {X k! } k∈N defined over the factorials to the inverse system defined for all integers n by X n = X k! , where k is minimal such that n divides k!. Hence it is also exact and we only have to compute sequential limits.
Proof of Corollary 1.4. There is only a potential lim ← − 1 -term for sequential systems and this gives the first part: Ext n GF (F, RU Q ) = 0 for n ≥ 2. The structure maps of X = Q[Out(−)] are injective since they are defined by summation over the fibers of surjective maps. So the inverse system associated with X only consists of surjective maps and this implies the second part: Ext 1 GF (RU Q , RU Q ) = 0.
